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Abstract
The paper is concerned with the functional differential equation
u′(t) = a(t)g(u(h1(t)))u(t)− λb(t) f (u(h2(t))),
where λ > 0, a(t), b(t), h1(t) and h2(t) are periodic functions. Applying Leggett–Williams fixed point theorem to the equation,
we show the explicit open intervals of λ such that the equation has at least three nonnegative periodic solutions.
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1. Introduction
Let pi (i = 0, 1, 2) be a positive rational number, p be the least positive rational number such that pp0 ,
p
p1
and pp2
are positive integers, and T > 0 be a positive real number. We consider the following functional differential equation
u′(t) = a(t)g(u(h1(t)))u(t)− λb(t) f (u(h2(t))), (1.1)
where λ > 0 is a positive parameter, and
(H1) a ∈ C(R, [0,∞)) is T -periodic and there exists t1 ∈ (0, T ) such that a(t1) > 0;
(H2) b ∈ C(R, [0,∞)) is p0T -periodic and there exists t2 ∈ (0, p0T ) such that b(t2) > 0;
(H3) h1 ∈ C(R,R) is p1T -periodic and h2 ∈ C(R,R) is p2T -periodic;
(H4) f, g : [0,∞)→ [0,∞) are continuous, 0 < l ≤ g(u) < L <∞ for u ≥ 0, l, L are two positive constants.
Throughout this paper, a function is calledT-periodic (T > 0) meaningT is the least positive period of the function.
Since p is the least positive rational number such that pp0 ,
p
p1
and pp2 are positive integers, pT is the least positive
period of the periodic solutions of Eq. (1.1).
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We apply the well-known Leggett–Williams fixed point theorem [1] to Eq. (1.1) and discuss the relationship
between the nonlinearity f and the intervals of λ such that Eq. (1.1) has three nonnegative pT -periodic solutions.
We all know that the Leggett–Williams fixed point theorem is a powerful tool to deal with the existence of at least
triple nonnegative solutions of boundary value problems of nonlinear differential (difference) equations. However,
we find that, in order to apply Leggett–Williams fixed point theorem to boundary value problems and guarantee the
existence of three nonnegative solutions of boundary value problems, it seems that the equations of boundary value
problems cannot attach parameter λ. For example, see [2,3]. Otherwise, it would bring some difficulties to some priori
estimations of possible nonnegative solutions. Therefore, our interest is the explicit open intervals of λ such that Eq.
(1.1) has at least three nonnegative pT -periodic solutions by using the Leggett–Williams fixed point theorem. We note
that, in a similar manner to our arguments, the Leggett–Williams fixed point theorem can also be applied to discuss
the existence of triple nonnegative solutions of some boundary value problems attaching parameters.
We also note that the functions h1(t) and h2(t) in Eq. (1.1) are two periodic deviations. Since the existence of
nonnegative periodic solutions of Eq. (1.1) is regarded, one can find from the arguments in the succeeding sections
that if we substitute h1(t) or h2(t) with t or t−τ(t) (τ(t) is a continuous periodic function), then some results, similar
to our main results, can be established, although t and t − τ(t) are not periodic functions.
For the background of equations of the type of Eq. (1.1), we refer the reader to [4–7] for some references, and for
the related results of these type equations, we refer to [8–10], and the references therein.
2. Preliminary
Now we first state the Leggett–Williams fixed point theorem [1], which is crucial to this paper.
X = (X, ‖ · ‖) is a Banach space and K ⊂ X a cone. By a concave nonnegative continuous functional ψ on K , we
mean a continuous mapping ψ : K → [0,∞) with
ψ(λu + (1− λ)v) ≥ λψ(u)+ (1− λ)ψ(v), for all u, v ∈ K and λ ∈ [0, 1].
Let a, b, c > 0 be constants with K and ψ as defined above. Define
Ka = {u ∈ K : ‖u‖ < a}, K (ψ, b, c) = {u ∈ K : ψ(u) ≥ b and ‖u‖ ≤ c}.
Lemma 2.1 ([1]). Let X = (X, ‖ · ‖) be a Banach space and K ⊂ X a cone, and c4 > 0 a constant. Suppose there
exists a concave nonnegative continuous function ψ on K with ψ(u) ≤ ‖u‖ for u ∈ K¯c4 and let A : K¯c4 → K¯c4 be a
continuous, compact map. Assume there are numbers c1, c2 and c3 with 0 < c1 < c2 < c3 ≤ c4 such that
(1) {u ∈ K (ψ, c2, c3) : ψ(u) > c2} 6= ∅ and ψ(Au) > c2 for all u ∈ K (ψ, c2, c3);
(2) ‖Au‖ < c1 for all u ∈ K¯c1 ;
(3) ψ(Au) > c2 for all u ∈ K (ψ, c2, c4) with ‖Au‖ > c3.
Then A has at least three fixed points u1, u2 and u3 in K¯c4 . Furthermore, we have
u1 ∈ Kc1 , u2 ∈ {u ∈ K (ψ, c2, c4) : ψ(u) > c2}, u3 ∈ K¯c4 \ (K (ψ, c2, c4) ∪ K¯c1).
Let X be the Banach space {u(t) : u(t) ∈ C(R,R), u(t + pT ) = u(t)} with norm ‖u‖ = supt∈[0,pT ] |u(t)| for
u ∈ X . Define K to be a cone in X by
K = {u ∈ X : u(t) ≥ 0 for t ∈ [0, pT ]}.
Let the map Aλ : K → X be defined by
(Aλu)(t) = λ
∫ t+pT
t
Gu(t, s)b(s) f (u(h2(s)))ds,
where
Gu(t, s) = e
− ∫ st a(θ)g(u(h1(θ)))dθ
1− e−
∫ pT
0 a(θ)g(u(h1(θ)))dθ
.
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For every u ∈ X , one can easily prove the following properties of Gu(t, s).
σ L
1− σ L ≤ Gu(t, s) ≤
1
1− σ l , t ≤ s ≤ t + pT,
Gu(t + pT, s + pT ) = Gu(t, s),
∂Gu(t, s)
∂t
= a(t)g(u(h1(t)))Gu(t, s),
∂Gu(t, s)
∂s
= −a(s)g(u(h1(s)))Gu(t, s),
Gu(t, t + pT )− Gu(t, t) = −1,
where σ = e−
∫ pT
0 a(t)dt .
Lemma 2.2. Assume (H1)–(H4) hold. Then Aλ(K ) ⊂ K and Aλ : K → K is compact and continuous.
Proof. Firstly, for every u ∈ K , it is easy to see that Aλu(t) ≥ 0 for t ∈ [0, pT ].
Secondly, for u ∈ K , we have that
(Aλu)(t + pT ) = λ
∫ t+2pT
t+pT
Gu(t + pT, s)b(s) f (u(h2(s)))ds
= λ
∫ t+pT
t
Gu(t + pT, s + pT )b(s + pT ) f (u(h2(s + pT )))ds
= λ
∫ t+pT
t
Gu(t, s)b(s) f (u(h2(s)))ds
= (Aλu)(t).
Thus Aλ(K ) ⊂ K and it is easy to show that Aλ : K → K is compact and continuous. 
Lemma 2.3. Assume (H1)–(H4) hold. Eq. (1.1) is equivalent to the fixed point problem of Aλ in K .
Proof. Firstly, for u ∈ K and Aλu = u, we have that
u′(t) = d
dt
(
λ
∫ t+pT
t
Gu(t, s)b(s) f (u(h2(s)))ds
)
= λGu(t, t + pT )b(t + pT ) f (u(h2(t + pT )))− λGu(t, t)b(t) f (u(h2(t)))
+ λ
∫ t+pT
t
∂
∂t
Gu(t, s)b(s) f (u(h2(s)))ds
= λ[Gu(t, t + pT )− Gu(t, t)]b(t) f (u(h2(t)))+ a(t)g(u(h1(t)))(Aλu)(t)
= a(t)g(u(h1(t)))u(t)− λb(t) f (u(h2(t))).
Secondly, if u is a nonnegative pT -periodic solution, we have that
Aλu(t) = λ
∫ t+pT
t
Gu(t, s)b(s) f (u(h2(s)))ds
=
∫ t+pT
t
Gu(t, s)(a(s)g(u(h1(s)))u(s)− u′(s))ds
=
∫ t+pT
t
Gu(t, s)a(s)g(u(h1(s)))u(s)ds −
∫ t+pT
t
Gu(t, s)u′(s)ds
=
∫ t+pT
t
Gu(t, s)a(s)g(u(h1(s)))u(s)ds
−Gu(t, s)u(s) |t+pTt −
∫ t+pT
t
Gu(t, s)a(s)g(u(h1(s)))u(s)ds
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= −(Gu(t, t + pT )u(t + pT )− Gu(t, t)u(t))
= −(Gu(t, t + pT )− Gu(t, t))u(t)
= u(t).
Clearly, Aλu(t) ≥ 0, t ∈ [0, pT ]. Thus the proof is completed. 
3. Main results
For convenience, let
f α := lim sup
u→α
f (u)
u
, (α = 0+ or∞).
Theorem 3.1. Let (H1)–(H4) hold and f∞ < 1− σ l . Assume there are numbers 0 < c1 < c2 such that
(H5) f (u) > c2
σ L
for c2 ≤ u ≤ (1−σ L )c2σ L (1−σ l ) ;
(H6) f (u) < (1− σ l)c1 for 0 ≤ u ≤ c1.
Then Eq. (1.1) has at least three nonnegative pT -periodic solutions for
1− σ L∫ pT
0 b(t)dt
< λ <
1∫ pT
0 b(t)dt
.
Proof. By f∞ < 1 − σ l , there exist 0 < δ < 1 − σ l and ξ > 0 such that f (u) ≤ δu for u ≥ ξ . Let
β = max0≤u≤ξ f (u). Then 0 ≤ f (u) ≤ δu + β, 0 ≤ u <∞. Choose
c4 > max
{
β
(1− σ l)− δ ,
(1− σ L)c2
σ L(1− σ l)
}
> 0.
Then for u ∈ K¯c4 , we have
‖Aλu‖ = sup
0≤t≤pT
λ
∫ t+pT
t
Gu(t, s)b(s) f (u(h2(s)))ds
≤ 1
1− σ l λ
∫ t+pT
t
b(s) f (u(h2(s)))ds
= 1
1− σ l λ
∫ pT
0
b(s) f (u(h2(s)))ds
≤ 1
1− σ l λ
∫ pT
0
b(s)(δu(h2(s))+ β)ds
≤ 1
1− σ l λ
∫ pT
0
b(s)ds(δ‖u‖ + β)
≤ 1
1− σ l λ
∫ pT
0
b(s)ds(δc4 + β)
< c4,
which implies that Aλ : K¯c4 → K¯c4 .
Define the concave nonnegative continuous function ψ on K by ψ(u) = mint∈[0,pT ] u(t). Let c3 = (1−σ L )c2σ L (1−σ l ) and
ϕ0(t) ≡ c0. c0 is any given number satisfying c2 < c0 < c3. Clearly that ϕ0 ∈ {u : u ∈ K (ψ, c2, c3), ψ(u) > c2}. For
u ∈ K (ψ, c2, c3), we have by (H5) that
ψ(Aλu) = min
0≤t≤pT λ
∫ t+pT
t
Gu(t, s)b(s) f (u(h2(s)))ds
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≥ min
0≤t≤pT
σ L
1− σ L λ
∫ t+pT
t
b(s) f (u(h2(s)))ds
= σ
L
1− σ L λ
∫ pT
0
b(s) f (u(h2(s)))ds
>
σ L
1− σ L λ
∫ pT
0
b(s)ds
c2
σ L
> c2.
For u ∈ K¯c1 , we have by (H6)
‖Aλu‖ = sup
0≤t≤pT
λ
∫ t+pT
t
Gu(t, s)b(s) f (u(h2(s)))ds
≤ 1
1− σ l λ
∫ pT
0
b(s) f (u(h2(s)))ds
<
1
1− σ l λ
∫ pT
0
b(s)ds(1− σ l)c1
< c1.
For u ∈ K (ψ, c2, c4) and ‖Aλu‖ > c3, we have
c3 < ‖Aλu‖ ≤ 11− σ l λ
∫ pT
0
b(s) f (u(h2(s)))ds
which implies that
ψ(Aλu) ≥ σ
L
1− σ L λ
∫ pT
0
b(s) f (u(h2(s)))ds
>
σ L
1− σ L c3(1− σ
l)
= c2.
Thus by Lemma 2.1, Eq. (1.1) has at least three nonnegative pT -periodic solutions, completing the proof of
Theorem 3.1. 
Theorem 3.2. Let (H1)–(H4) hold and f∞ < 1 − σ l , f 0 < 1 − σ l . Assume that there is a number c2 > 0 such
that (H5) is satisfied. Then Eq. (1.1) has at least three nonnegative pT -periodic solutions for
1− σ L∫ pT
0 b(t)dt
< λ <
1∫ pT
0 b(t)dt
.
Proof. By f∞ < 1 − σ l , there exist 0 < δ1 < 1 − σ l and ξ1 > 0 such that f (u) ≤ δ1u for u ≥ ξ1. Let
β = max0≤u≤ξ1 f (u). Then 0 ≤ f (u) ≤ δ1u + β, 0 ≤ u <∞. Choose
c4 > max
{
β
(1− σ l)− δ1 ,
(1− σ L)c2
σ L(1− σ l)
}
.
Then for u ∈ K¯c4 , one can show that Aλ : K¯c4 → K¯c4 .
Let c3 = (1−σ L )c2σ L (1−σ l ) and define the concave nonnegative continuous function ψ on K as in Theorem 3.1. Just as the
arguments of Theorem 3.1, it is easy to show by (H5) that {u : u ∈ K (ψ, c2, c3), ψ(u) > c2} 6= ∅, and ψ(Aλu) > c2
for u ∈ K (ψ, c2, c3).
By f 0 < 1 − σ l , there exist 0 < δ2 < 1 − σ l and c22 > ξ2 > 0 such that f (u) ≤ δ2u for 0 ≤ u ≤ ξ2. Set
0 < c1 < ξ2 and for u ∈ K¯c1 , we have
‖Aλu‖ ≤ 11− σ l λ
∫ pT
0
b(s)dsδ2‖u‖
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<
1
1− σ l λ
∫ pT
0
b(s)ds(1− σ l)c1
< c1.
From the proof of Theorem 3.1, for u ∈ K (ψ, c2, c4) and ‖Aλu‖ > c3, we haveψ(Aλu) > c2. Thus by Lemma 2.1,
Eq. (1.1) has at least three nonnegative pT -periodic solutions, completing the proof of Theorem 3.2. 
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